ALPHA CLASSES

MATHEMATICS LECTURES BY MANISH KALIA

6-TRIGNOMETRIC RATIOS

Some Important Definitions and Formulae :

Measurement of angles : The angles are measured
in degrees, grades or in radius which are defined as
follows:

Degree : A right angle is divided into 90 equal
parts and each part is called a degree. Thus a right
angle is equal to 90 degrees. One degree is denoted
by 1°.

A degree is divided into sixty equal parts is called a
minute. One minute is denoted by 1".

A minute is divided into sixty equal parts and each
parts is called a second. One second is denoted by 1.
Thus,

1 right angle = 90° (Read as 90 degrees)

1°=60" (Read as 60 minutes)

1"=60"" (Read as 60 seconds).

Grades : A right angle is divided into 100 equal
parts and each part is called a grade. Thus a right
angle is equal to 100 grades. One grade is denoted
by 15,

A grade is divided into 100 equal parts and each
part is called a minute and is denoted by 1".

A minute is divided into 100 equal parts and each
part is called a second and is denoted by 1"

Thus,

1 right angled = 100 (Read as 100 grades)
18=100" (Read as 100 minutes)

1"=100"" (Read as 100 seconds)

Radians : A radian is the angle subtended at the
centre of a circle by an arc equal in length to the
radius of the circle.

Domain and Range of a Trigono. Function :

If f: X > Y is a function, defined on the set X,
then the domain of the function f, written as Domf
is the set of all independent variables x, for which
the image f(x) is well defined element of Y, called
the co-domain of f.

Range of f : X — Y is the set of all images f(x)
which belongs to Y, i.e.,

Range f={f(x) e Y:xeX} cY

The domain and range of trigonmetrical functions
are tabulated as follows :
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Trigo. .
. Domain Range
Function
sin X R, the set of all thereal | -1 <sinx <1
number
COS X R —1<cosx<1

tan x R{(2n+1)g,nel} R

cosecx | R—{n

m,n e I}

R—{x:-1<x<1}

sec X R- {(2n+1)g,nel}

R—{x:-1<x<1}

cotx R—{n

m,n e I}

R

Relation between Trigonometrically Ratios and

identities:

sin
e tan 0=

)

cosH

; cotb=

cosH

sin

o sin A cosec A=tan A cotA=cosAsecA=1
o sin’0+cos’0=1

or sin?0 = 1 — cos®0 or cos?0 = 1 — sin’0

o |+tan®0=

sec’

or sec’0 — tan’0 = 1 or sec’® — 1 = tan’0

o 1 +cot’0 = cosec’®

or cosec’0 — cot’® = 1 or cosec’0 — 1 = cot?0

o Since sin’A + cos’A = 1, hence each of sin A
and cos A is numerically less than or equal to

unity. i.e.

|sinAl]<1land|cosA|<1
or -1<sinA<land-1<cosA<1

Note : The modulus of real number x is defined as
x| =xifx > 0and x| =—-xifx <0.

e Since sec A and cosec A are respectively
reciprocals of cos A and sin A, therefore the values
of sec A and cosec A are always numerically
greater than or equal to unity i.e.

sccA>1orsecA<—1

and cosec A>1 orcosec A<—1

In other words, we never have
—1<cosecA<land—1<secA<I.
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Trigonometrical Ratios for Various Angles :
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o |o| T | 2| X2 0|30
6 4 3|2 2
sin O 0 % % g 1 0 -1
cos 0 1 g % % 0 -1 0
tan® | 0 % 1 |3 | o] 0|

Trigonometrical Ratios for Related Angles :

0 -0 T n+0 3n 2n+0
—+0 — +0
2 2
sin —sin® |cos0 Fsin® |—cosO |[£sin0
cos cos 0 Fsin® |—cosO |£sinO |[cosO
tan —tan® |Fcot® |ftanO |FcotO |ftanO
cot —cot® |Ftan® |tcotO® |FtanO |[tcotH

Addition and Subtraction Formulae :
® sin(A=+B)=sin A cosB+cos AsinB
® cos(A+B)=cos AcosB¥FsinAsinB

+
o tan(ALB)= tan A +tan B
1¥tanAtanB
tAcotBF1
. cot(AiB):w
cotB+cotA

e sin (A + B) sin (A — B) = sin’A — sin’B
= c0s’B — cos’A
e cos (A + B) cos (A — B) = cos’A — sin’B
= cos’B — sin’A
Formulae for Changing the Sum or Difference into
Product :

e sinC+sin D=2 sin C%D
-D

e sinC-sinD =2 cos sinC2

e cosC+cosD=2cos cos C%D
D-C

® cosC—-cosD=2sin sin

Formulae for Changing the Product into Sum or
Difference :

® 2sin A cos B=sin (A + B)+sin (A —-B)
e 2 cos A sin B=sin (A + B)—sin (A—-B)
® 2 cosAcosB=cos(A+B)+cos(A-B)
e 2sin A sin B=cos (A— B)—cos(A + B)

Formulae Involving Double, Triple and Half Angles :

° sin29=2sin(9cos9=2&;9
1+tan” 0
® c0s20=cos?0—sin’0=2 cos?0— 1
2
=1-2sin’0= —1 tanze
1+tan” 0
o sin 9 . 1-cos0 - cos 9 . 1+cos0
2 2 2 2
tan 9 . 1—cos©
2 1+cos0
° tan2e_2ane
1-tan” ©

e 5in30=23sin0—4sin’0
or sin39=%(3 sin 0 — sin 30)
® c0s30=4cos’0—3cosO

or cos’®= % (3 cos 6 + cos 36)

o3
tan 30 = —3tan9 tan” 6 |:9¢nn+%}

1-3tan’ 0

Trigonometrical Ratios for Some Special Angles :

0 2L 15° »nl
2 2
sin 0 —V4_\E—\/€ _\/5—1 2-42
22 232 2
cos 0 —V4+\E+\/g —\/gH —2+\/5
22 22 2
2
tan 0 (V3-42) 2-43 |2 -1
(V2 -1)
0 18° 36°
sino | Y5-1 |J10-2/5
4 4
cos 0 —M \/§+1
4 4
tan@® |VNZZTUVI 25 _51 O\E 5— Z\E

Important Points to Remember :
e Maximum and minimum values of
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asin x + b cos x are + \/a2+b2 ,— \/a2+b2
respectively.
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sin’x + cosec’x > 2 for every real x.
2, 2,

cos’x + sec’x > 2 for every real x.

tan’x + cot®x > 2 for every real x

Ifx=sec 6 + tan 6, then l=sec97tan9
X

If x = cosec O + cot 6, then l =cosec O —cot O
X

cos 0. cos 20 . cos 40 . cos 860

sin2"0

2" sin O

...cos 2™ =

sin 0 sin (60° — 0) sin (60° + ) = %sin 36

cos 0 cos (60°— 0) cos (60°+ 0) = %cos 36

tan 0 tan (60°— 0) tan (60° + 0) = tan 36

Conditional Identities :

1.

If A+ B+ C=180° then
sin 2A + sin 2B + sin 2C =4 sin A sin B sin C
sin 2A + sin 2B — sin 2C =4 cos A cos B sin C
sin(B+C—A) +sin (C+A—-B)+sin(A+B-C)
=4 sin A sin BsinC
cos 2A + cos 2B + cos 2C
=—1-4cosAcosBcosC
cos 2A+ cos 2B — cos 2C =1 —4 sin A sinB cosC
If A+ B+ C=180° then

. . . A B

sinA +sinB+sinC=4 cos—cos—cosg

sin A +sin B—sinC=4 sinésinEsing
2 2 2

cos A+ cos B+cosC=1+4 sin%singsin%

A B .
cos A+t cos B—cosC=-1+ 4cos7cos5s1n%

CosA cosB cosC
+ +

sinBsinC  sinCsinA  sinAsinB -

If A+ B+ C =mn,then

sin’A + sin’B — sin’C = 2 sin A sin B cos C
cos’A + cos’B+ cos’C = 1- 2 cos A cos B cos C
sin’A + sin’B + sinC =2 + 2 cos A cos B cos C
cos’A + cos’B — cos’C =1 — 2 sin A sin B cos C
If A+ B+ C =mn, then

sinzé+sin2§+ sin22 =1-2 sinésinEsing
2 2 2 2 2 2

ooszé+oos2§+coszg=2 +2 sinésinEsing
2 2 2 2 2 2
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, C

oA . ,B . A B C
® sin 7+sm Efsm — =1-2¢0s— c0S — COS —

. cos2é +cos2§fcos2£ = 2cosécosEsing
2 2 2 2 2 2
5. Ifx+y+z=m/2, then
sin’x + sin’y + sin’z = 1 — 2 sin x sin ysin z
® cos’x+ cos’y+ cos’z=2+2 sin x siny sin z
® sin 2x + sin 2y + sin 2z =4 cos X c0s y cos z
6. If A +B+ C =m, then
o tanA+tanB+tanC=tan Atan B tan C

o cotBcotC+cotCcotA+cotAcotB=1

B C C A A B
® tan—tan— +tan—tan— +tan—tan— =1
2 2 2 2 2 2

A B C A B C
® cot — +cot— +cot — =cot—cot —cot—
2 2 2 2 2 2

7. (a) For any angles A, B, C we have
sin(A+B+C)
=sin A cos B cos C + cos A sin B cos C
+ cos A cos B sin C —sin A sin B sin C
e cos(A+B+C)
=cos A cos B cos C—cos A sin B sin C
—sin A cos B sin C—sin A sin B cos C
e tan(A+B+C)
_ tanA+tanB+tanC—tan Atan BtanC
" 1-tanAtanB—tanBtan C — tanC tan A
(b) If A,B, C are the angles of a triangle, then
sinfA+B+C)=sinnt=0and
cos(A+B+C)=cosmt=-1
then (a) gives

sin A sin B sin C
=sin A cos B cos C + cos A sin B cos C
+cos A cos BsinC
and (a) gives
1 +cos A cos B cos C
=cos A sin B sin C + sin A cos B sin C
+sin A sin B cos C

Method of Componendo and Dividendo :

If £=%, then by componendo and dividendo we
q
can write

p-q_a-b or 47P _ b-a
p+q a+b q+p Db+a

p+q _ a+b or q+p _ b+a
p-q a-b q-p b-a

or





