MANISH KALIA'S MATHEMATICS CLASSES

9878146388

3D-GEOMETRY

Coordinates of a point :

V4
L« X > /y
P (x.y.2)
9 l —X
X
Y
x-coordinate = perpendicular distance of P from
yz-plane
y-coordinate = perpendicular distance of P from
zx-plane
z-coordinate = perpendicular distance of P from
xy-plane
Coordinates of a point on the coordinate planes and axes:
yz-plane : x=0
zx-plane : y=0
xy-plane : z=0
X-axis y=0,z=0
y-axis y=0,x=0
z-axis x=0,y=0

Distance between two points :

If P(xy, y1, z1) and Q(X,, Y2, Z») are two points, then
distance between them

PQ = /(x; = x2)2 + (y; —y2)? + (2~ 2,)°

Coordinates of division point :

Coordinates of the point dividing the line joining two
points P(x;, yi, z;) and Q(X», Y2, z) in the ratio
m, : m, are

(i) in case of internal division

mx, +MpX) myy, +myy; mz; +myz;
9 9
m1+m2 m1+m2 m1+m2

(i) in case of external division

{mlxz_mle my, —m,y, m122_m221]

9 9
m; —m, m; —m, m; —m,

Note: When m;, m, are in opposite sign, then
division will be external.

Coordinates of the midpoint:

When division point is the mid-point of PQ, then
ration will be 1 : 1; hence coordinates of the mid-

point of PQ are
X1 +tXo Y1+tYy2 Z1+7)
2 7 2 72

Coordinates of the general point :

The coordinates of any point lying on the line joining
points P(x, yi, z;) and Q(x», Y2, o) may be taken as

kx, +x; ky, +y; kzp, +7
k+1 ° k+1 ~ k+l

which divides PQ in the ratio k : 1. This is called
general point on the line PQ.

Division by coordinate planes :
The ratios in which the line segment PQ joining
P(x1, y1, 1) and Q(Xy, y2, Z») is divided by coordinate
planes are as follows :

(1) by yz-plane —X}/X, ratio
(ii) by zx-plane — yi/y, ratio
(iii) by xy-plane —71/7, ratio

Coordinates of the centroid :
() If (x1, yi, z1); (X2, Y2, 72) and (x3, y3, z3) are
vertices of a triangle then coordinates of its centroid
are

E) >

3 3 3

(1) If (X, v z); v =1, 2, 3, 4 are vertices of a
tetrahedron, then coordinates of its centroid are

(x1+x2+x3+x4 Vi +Y, +Y3+Y, zl+zz+23+z4J

(X1+X2+X3 Vi+Y,+Yy; 7 +zz+z3J

s s

4 4 4

Direction cosines of a line [Dc's] :

The cosines of the angles made by a line with
positive direction of coordinate axes are called the
direction cosines of that line.

Let a, B,y be the angles made by a line AB with
positive direction of coordinate axes then cos a, cos
B, cos vy are the direction cosines of AB which are
generally denoted by /, m, n. Hence

/=cosa, m=cosf,n=cosy
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x-axis makes 0°, 90° and 90° angles with three
coordinate axes, so its direction cosines are cos 0°
cos 90° cos 90° i.e. 1, 0, 0. Similarly direction
cosines of y-axis and z-axis are 0, 1, 0 and 0, 0, 1
respectively. Hence
dc's of x-axis =1, 0, 0
dc's of y-axis =0, 1, 0
dc's of z-axis =0, 0, 1
Relation between dc's
“P+m?+nt=1

Direction ratios of a line [DR's] :
Three numbers which are proportional to the
direction cosines of a line are called the direction
ratios of that line. If a, b, ¢ are such numbers which
are proportional to the direction cosines /, m, n of a
line then a, b, ¢ are direction ratios of the line. Hence

a
> l=t =
\laz+b2+c2
S b . c

Direction cosines of a line joining two points :
Let = (x1, y1, 1) and Q = (X, V2, 2»); then
(i) dr's of PQ : (x2 = xy), (y2— Y1), (22— 71)
(i)de's of PQ : X2~ X1 Y2=¥1 % =7
PQ PQ PQ
Y2~ Y1
\/E(Xz X)) \/E(Xz x1) \/E(Xz x1)?
Angle between two lines :
Case I. When dc's of the lines are given

X2 —X| Z—7)

If [, my, and /,,m, n, are dc's of given two lines, then
the angle 6 between them is given by

e cosO0=//L+mm,+nn,

ino= 2 2 2
* sin@ \/(€1m2*”2m1) +(myny —myn)” +(nyf —nyly)

The value of sin 6 can easily be obtained by the
following form :
£y my

sin 6 =
\/Z

Case II. When dr's of the lines are given

2 2

m; ng| |np f

+

2 my| |jmp npl pny 4

If a;, by, ¢; and ay, by, ¢, are dr's of given two lines,
then the angle 6 between them is given by

aja) +b b2 +Ci1Cy

cos 0=
\/al +bl +Cl \/a2+b2+02
V=(a;by —asb))?
<in 6 = (ajby —ayby)

\/alz—i-bl +Cq \/32 +b2 +02
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Conditions of parallelism and perpendicularity of two
lines :
Case I. When dc's of two lines AB and CD, say /,
my,n; and /,, m,, n, are known
AB ||CD©€1:€2,1T11
ABJ.CD@Zl €2+m1m2+n1n2:0.
Case I1. When dr's of two lines AB and CD, say : a,
by, ¢, and a,, b,, ¢, are known

=y, N =1y

AB|CDwo d_bi_c
ay by ¢
AB 1L CD < aa; + b1b2 +cCic = 0.
Area of a triangle :

Let A(x1, y1, 21); B(X2, y2, 22) and C(xs, s, z3) are
vertices of a triangle. Then

dr's of AB=%x,—X;, Y2— V1, Z2— 7
=ai, bls Cy (Say)

al2 +b12 +c12

and AB =
dr's of BC=X3-X,, 3 - V2, 23— 2
= a,, by, cy(say)

az +b2 +C%

VE(bjcy —bye))?
\/Zalz \/Za%

_ yE(biey —byep)?

ABBC

and BC=

Now sinB=

. Area of AABC = l AB.BCsin B

1
= \/Z(blcz bye)?

Projection of a line segment joining two points on a line :

Let PQ be a line segment where P = (xy, yj, z;) and
Q = (X2, Y2, 2); and AB be a given line with dc's as /,
m, n. If P'Q' be the projection of PQ on AB, then

P'Q'=PQcos 6
where 0 is the angle between PQ and AB. On

replacing the value of cos 0 in this, we shall get the
following value of P'Q".

PQ'=1(x;—x1) * m(y —y1) +n (2 —z)
Projection of PQ on x-axis : a = [x, — x|
Projection of PQ on y-axis : b = [y, — yi|
Projection of PQ on z-axis : ¢ = |z, — z|

vaZ +b% +¢?
x-a_ y-B _ z-
L

m n

Length of line segment PQ =

and

* If the given lines are
X—ao' _ y—B'= z—v
v o o
intersection is

, then condition for
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e If the given lines are x;(x = = and

condition for

x—(x'z y—B'= z—v
v m’ n’
intersections is
a-o B-p y-v
14 m n | =0

, then

14 m’ n’
Plane containing the above two lines is
x—-o y-B z-vy

l m n |=0

v m’ n’

Condition of coplanarity if both the lines are in general
form:

Let the lines be
ax+by+tcztd=0=ax+by+cz+d
andox +By+yz+d=0=a'x+By+yz+3d

a b c d
by oo &
These are coplanar if ¢ =
o B y 9
o« By S

Reduction of non-symmetrical form to symmetrical form:
Let equation of the line in non-symmetrical form be'
aixtbyy+tciz+d; =0; ax+byy+cz+d,=0.

To find the equation of the line in symmetrical form,

we must know (i) its direction ratios (ii) coordinates
of any point on it.

e  Direction ratios : Let /, m, n be the direction ratios
of the line. Since the line lies in both the planes, it
must be perpendicular to normals of both planes. So
al +bm+cn=0; ayl +bm+c,n=0
From these equations, proportional values of ¢, m, n
can be found by cross-multiplication as

l m n

Cja; —Cra

bjc, —byey a;b, —a,b,

e Point on the line : Note that as ¢, m, n cannot be
zero simultaneously, so at least one must be non-
zero. Let a;b, — a)b; # 0, then the line cannot be
parallel to xy-plane, so it intersect it. Let it intersect
xy-plane in (x;,y;, 0). Then
ax; + b1Y1 + d1 =0 and X + bz}’1 + dz =0
Solving these, we get a point on the line. Then its
equation becomes

X=Xy __y=%» __z=0
bic; —byey Cjay —Cray a;b, —a,b,
X_bldz -b,d, _dlaz —d,a,
ajb, —a,b; _ ajb,—ab; _ z-0

or

by, by Cjap; —Cray a;b, —a,b,
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Note : If 7 # 0, take a point on yz —plane as (0, t;, z;)
and if m # 0, take a point on xz-plane as (x;, 0, z;)

®  Skew lines : The straight lines which are not parallel
and non-coplanar ie. non-intersecting are called
skew lines.

Xx—o y-p z-vy
IfA= / m n

Va m n

# 0, the lines are skew.

Shortest distance : Suppose the equation of the lines
x—o_y-B_z-y
l m n

are

and

x—o_yB_zov . Then
v m’ n’
g p. = (a—o)mn'—m'n)+ B-B)@L—n"l)(fm'—L'm)

\/Z(mn'—m'n)2

a-ao B-pf y-v
= 14 m n

l m’ n’
Some results for plane and straight line:
(i) General equation of a plane :
ax+tby+cz+d=0
where a, b, ¢ are dr's of a normal to this plane.

(ii) Equation of a straight line :

ax+byy+ciz+d; =0
General form : XTIy TazTa }

32X+b2y+CZZ+d2 =0

(In fact it is the straight line which is the intersection
of two given planes)

X=X _ Y= N1_2-7%4
a b c

Symmetric form :

where (X;, v, ;) is a point on this line and a, b, ¢ are
its dr's
(iii) Angle between two planes :

If © be the angle between planes a;x + byy ¢;z+d; =0
and a,x + by + ¢,z +d, =0, then

a2, +b1b2 +C1C2 |

cos 0 = |
a2 467 + o yad +b3 +¢3 |
(In fact angle between two planes is the angle
between their normals.)
Further above two planes are
a, b ¢
parallel & —L=—L=-L
a 2 G

perpendicular < a;a, + b;b, +¢jc; =0





